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Residual stresses play a prominent role in the fracture process of bimaterials and therefore 
knowing these stresses prior to failure is important for understanding the mechanical 
behaviour of bimaterials. A critical assessment has been made of three methods for 
determining the residual stresses. These methods are: stress optical measurement, indentation 
method, and finite element method. With stress optical measurements the difference in the 
principal normal stresses, Ac~, can be determined. In the centre region adjacent to the interface, 
the measured stress values are in agreement with results from a simple analytical formula for 
the normal residual stresses parallel to the interface. Surface stresses at arbitrary locations can 
be obtained by the usual indentation technique. At the surface, stresses perpendicular to the 
interface are dominant and have the opposite sign to the stresses parallel to the interface. 
When there is no mechanical mismatch between the components the magnitude of the 
residual stresses can be estimated with the above-mentioned formula. Two-dimensional plane 
strain finite element calculations are in good agreement with the stress optical measurements. 

1. I n t r o d u c t i o n  
Metal/ceramic bimaterials offer superior properties 
over conventional alloys and have been widely studied 
because of their many potential applications [1]. 
Nevertheless, the use of bimaterials is limited by re- 
sidual stresses which influence the failure character- 
istics of composites in general. Specifically, failure in 
these systems may initiate at the interface and propag- 
ate into the ceramic due to residual stresses even in the 
absence of an externally applied stress [2]. Therefore, 
calculation or measurement of residual stresses is an 
important issue in the development of strong metal/ 
ceramic joints. Previously, the indentation technique 
has been used for obtaining a qualitative picture of 
residual stress states in metal/ceramic systems [3]. 
Nevertheless, quantitative analyses have not been per- 
formed for bimaterials. 

The purpose of this study was to demonstrate that 
the principal features of residual stresses in bimaterials 
can be understood using simple methods such as stress 
optics or indentation techniques. To this end, we 
applied these techniques to a model glass/glass com- 
posite bimaterial to determine the non-singular re- 
sidual stress fields near the interface. Results from 
these investigations will be discussed and compared 
with accompanying numerical studies using the finite 
element method (FEM). 

We consider a bimaterial, designated materials 1 
and 2, which is cooled by AT and which obeys the 
convention 51 > ~2, according to Fig. 1, where ~ and 

0022-2461 �9 1994 Chapman & Hall 

~2 are thermal expansion coefficients. When displace- 
ments parallel to the interface are suppressed (e.g. at 
the centreline of the specimen, x = 0), the following 
expressions for the nominal residual stresses, cy res, in 
materials 1 and 2 parallel to the interface are valid [4] 

c~e~ - 1 / 2 E * A 5 A T  (la) 

r~s = 1 / 2 E * A 5 A T  (lb) O'2x 

In the first equation, the difference in thermal ex- 
pansion coefficients is obtained from Hooke's law as 

A(~ = { (1 -~- V1)~ 1 --  (1 + V2)52 (plane strain) 
~l - 52 (plane stress) (2) 

and v 1 and v 2 are Poisson's ratios. In addition, the 
cooling interval, AT, is determined by the difference 
between room temperature, To, and the processing 
temperature, Tp 

A T  = G - r .  (3) 

and E* is the mean Youngs' modulus of the bi- 
material, defined as follows [5] 

E* - 5 + E~- (4) 

In Equation 4, E~ + is given by 

E~- = { E J ( 1  - v 2) (plane strain) 

E i (plane stress) (5) 
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and El (i = 1, 2) are the Youngs' moduli of compo- 
nents 1 and 2. 

Properties of the glass/glass bimaterials examined 
here are presented in Table I. Also shown are the 
amounts of nominal residual stresses, cy r~s, according 
to Equation 1 for plane stress and plane strain, re- 
spectively. (The processing temperature of the glass/ 
glass bimaterials under investigation is identical to the 
transition temperature of the glass with the lower 
transition temperature. Thus, typical cooling intervals, 
A T, are estimated to be about 400 ~ 

2. Experimental procedures 
Bimaterials, according to Table I and with dimensions 
1 = 30 mm, w = 8 mm, and b = 4 mm (Figs 1, 2), have 
been processed by diffusion bonding [6] and tested 
experimentally. With the bimaterial combinations 
given in Table I the elastic and thermal mismatch can 
be varied nearly independently. 

2.1. Stress optical measurements 
Isotropic materials such as glasses are ideal for optical 
stress investigation, because they become birefringent 
when mechanical stresses are present. Thus, the stress 
state of glass/glass bimaterials can be examined with 
stress optical methods under the polarization micro- 
scope, as shown schematically in Fig. 2. 

The standard procedure for stress optical measure- 
ments is as follows. First, polarized light is transmitted 
through the bimaterial which contains residual stres- 
ses. Owing to these stresses, an optical path difference, 
As, results from the different propagation velocities 
between light waves which are oscillating in the direc- 
tion of Cyl and cy 2. In this situation the following 
relation with the stress state exists [7 10] 

As 
Ac~ - (6) 

bk 

where Acy is the difference in principal normal stresses 
cy I and ~z, As the optical path difference, k the stress 
optical coefficient, and b the specimen thickness, c~ 1, 
cr 2, and cy 3 are the three principal normal stresses 
along the centre symmetry line of a bimaterial as 
shown in Fig. 2. When residual stresses are absent, no 
birefringency is observed and the specimen appears 
dark owing to the crossed setting of polarizer and 
analyser. This is shown in Fig. 3a for the bimaterial 
SF56/SF56; as expected, no thermal stresses are pre- 

sent after bonding, because the joined materials are 
identical. Conversely, when residual stresses are pre- 
sent, one can expect bright and dark regions as shown 
in Fig. 3b, which was taken from a BK7/CaNa (CaNa 
= sodium chloride glass) bimaterial. The dark areas 

are called isoclines and are regions of identical princi- 
pal stress directions which are parallel to the polarizer 
and analyser settings, respectively. Because the polar- 
izer was set parallel to the interface and the analyser 
was perpendicular to the interface, one principal stress 
direction, cr 1, is parallel to the interface, while the 
second one, cy z, is perpendicular to the interface. 

For  quantification of the difference in the principal 
residual stresses Ac~, the optical path difference, As, in 
both adjoining glasses has been measured, once per- 
pendicular to the interface at locations x/w = 0 
and once parallel to the interface at y/w = + 0.03 
(cf. Figs 1 and 2). All stress optical measurements were 
performed on a Zeiss microscope Axiophot equipped 
with a tilting compensator to ensure exact measure- 
ment of As. The bimaterial BK7/CaNa was examined 
first because the stress optical coefficient, k, of both 
these glasses was known and because these coefficients 
are nearly identical, as shown in Table II [11]. 

The characteristics of the stress difference, Act, 
along the symmetry line x/w = 0 of the bimaterial is 
shown in Fig. 4a. Near the interface, compressive 
stresses prevail in the material with the smaller ther- 
mal expansion coefficients (Sample 2 = BK7); conver- 
sely, tensile stresses dominate in the material with the 
larger thermal expansion coefficient (Sample 1 
= CaNa). Another interesting feature is that the stress 

differences approach a maximum value at the interface 
and decrease with increasing distance from the inter- 
face passing through zero at y/w ~ 0.25. The magni- 
tude of Acy at larger.distances up to y/w < 0.6 is still 
non-vanishing. 

Extrapolation of A~ to the interface yields a value 
of approximately 12 MPa, which is in good agreement 
with the plane strain nominal residual stresses, ~es, as 
obtained from Equation 1 (cf, Table I). The optically 
measured values of Act parallel to the interface are 
presented in Fig. 4b. The stresses do not vary appre- 
ciably along the interface except for the edge area. The 
variation of Ao is restricted to a narrow regime 
0.35 < [x/wl < 0.5 at the surface. This regime for x/w 
is in agreement with literature data obtained by FEM 
[-12, 13]. The asymmetry of the stress difference, A~, in 
Fig. 4b is attributed to the interface flaw on the right- 
hand side of the bimaterial (cf. Fig. 3b). 

T A B L E  I Material data [6] and amount  of nominal  residual stresses of the examined model composites 

Bimaterial E1 v1 ~1 E2 v2 ~2 I~eSl (MPa) 
(GPa) (10 -6 K -a) (GPa) (10 -6 K -~) 

Plane strain Plane stress 

SF56/SF56 58 0.242 8.8 58 

SF53/SF56 58 0.238 9.3 58 

SF56/BaSF64 58 0.242 8.8 105 

SF53/BaSF64 58 0.238 9.3 105 

CaNa/BK 7 70 0.240 8.6 81 

0.242 8.8 0.00 0.(30 

0.242 8.8 7.19 5.80 

0.262 8.7 0.81 1.53 

0.262 8.7 8.50 8.97 

0.208 8.3 12.99 5,80 
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Figure 1 Schematic illustration of a bimaterial with coordinates 
and sign convention for thermal expansion coefficients before and 
after application of thermal stresses. 
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Figure 2 Schematic illustration of stress optical measurements with 
definition of principal stresses along the centre symmetry line 
(x/w = 0). 

2.2. I n d e n t a t i o n  t e c h n i q u e  
The indentation method is based on the evaluation of 
the lengths of cracks emanating from the corners of 
Vickers indents. This method is widely used because it 
allows one to determine quickly the toughness values 
of brittle materials. Among several published evalu- 
ations, the method ofAnstis e t  al. [14] has been shown 
to provide reliable results for glasses and ceramics. 
The following equation was derived for the stress 
intensity, K e, caused by a Vickers hardness indenta- 
tion [14] (Fig. 5) 

K s = O . O 1 6 ( E / H ) t / 2 ( p / c  3/2) (7) 

where E is the Youngs' modulus, H the Vickers' 
hardness, P the force of the indenting body, and 2c the 
diameter of the median crack. Equation 7 is based on 
empirical data and the fracture mechanical principle 
of crack growth due to an indenting body. One condi- 
tion for determining the true toughness K ~ = K~r is a 
stress-free surface, because pre-existing surface stresses 
provide further loading on to the indentation cracks 
which may lead to crack propagation. However, this 
effect can be utilized to predict the magnitude of 
thermal residual stresses from the difference of in- 
dentation cracks in the presence of residual stresses 
when compared to the stress-free state. Under the 
assumption of linear elasticity, the true stress intensity 

Figure 3 Light optical interference patterns for two bimaterials: 
(a) SF56/SF56 and (b) BK7/CaNa. 

TAB L E I I Stress optical coefficient of examined materials for an 
optical wavelength X = 589.3 nm 

Glass k (10 - 6  mm 2 N -  l) 

BK7 2.74 

CaNa 2.75 

is then a superposition of the indentation stress intens- 
ity, K e, and of the residual stresses inteiasity, K res. 
Under crack propagation conditions, the sum of both 
amounts to the critical stress intensity of the material, 
Klc 

K = K e + K  res = K~c (8) 

For this study we used the following relation between 
stress intensities due to residual stresses and lengths of 
surface cracks [15] 

K r~s = 2f f r (c /g . )  1/2 (9) 

where ~s r is the unknown residual thermal stress com- 
ponent. These thermal stresses can be determined 
through analysis of Equations 7-9 when the tough- 
ness, K~, of the material is known. 

In the following discussion the thermal residual 
stress results are presented for tests conducted along 
the symmetry line x / w  = 0 at the surface of a series of 
glass/glass bimaterials. The true toughness of each 
component was obtained using the same method with 
reference indents far away from the interface where 
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~'  = 0. Measurements were performed in air at room 
temperature with an indentation force of P = 9.81 N 
for a 10 s duration. Crack lengths were measured 
immediately after unloading to eliminate influences 
from under critical crack growth due to atmospheric 
moisture. 
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Figure 4 Difference of main principal stresses (a) perpendicular to 
the interface (x/w = 0), and (b) parallel to the interface for 
CaNa/BK7 as obtained from the light optical method 
(y/w = + 0.03). 

The effect of thermal residual stresses on growth of 
indentation cracks is clearly shown in Fig. 6a-c where 
Vickers hardness indentations were made into the 
materials at a distance of 130 ~tm (y/w = 0.016) away 
from the interface. In the system SF56/SF56, nearly all 

P 
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Figure 5 Schematic illustration of median crack system induced 
from Vickers indentation in a residually stressed body. 
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Figure 6 Typical crack patterns from indentation tests in the vicin- 
ity of glass/glass interfaces: (a) SF56/SF56, (b) on the BaSF64-side of 
SF53/BaSF64, and (c) on the SF53-side of BaSF64/SF53. 



four cracks are identical and symmetric indicating the 
absence of residual stresses (Fig. 6a). Conversely, in- 
dents in the system SF53/BaSF64 behave quite differ- 
ently. For  example, in Fig. 6b, one can observe ex- 
tremely elongated cracks parallel to the interface 
which indicate high tensile stresses (cy~y > 0) perpendi- 
cular to the interface in BaSF64. In contrast, com- 
pressive stresses (cy]y < 0) lead to a crack pattern with 
shorter cracks parallel to the interface in SF53, shown 
in Fig. 6c. 

The length of cracks perpendicular to the interface 
are a measure of the thermal residual stresses parallel 
to the interface, cy~,. A comparison of Fig. 6b and c 
shows that tensile residual stresses are present in the 
material SF53 with the larger thermal expansion coef- 
ficient (cy]x > 0) and balancing compressive stresses in 
the glass with the smaller thermal expansion coeffi- 
cient (cy~x < 0). By comparing the crack lengths 
parallel and perpendicular to the interface in either 
material, one can conclude that the effects of residual 
stresses perpendicular to the interface are dominant 
over those parallel to it, i~l > Icy~l. 

Results obtained with the indentation method for 
stresses cy~ along the interface are shown in Fig 7a-d. 
According to continuum elasticity theory, residual 

stresses measured at the surface are expected to com- 
pare with a plane stress state rather than with plane 
strain. Fig. 7a and b contain the data for bimaterials 
without elastic mismatch, SF56/SF56 and SF53/SF56. 
The measured values for bimaterial SF56/SF56 
are scattered around 0 MPa; therefore, this system is 
nearly free of residual stresses (Fig. 7a). In contrast, 
in the bimaterial SF53/SF56, compressive stresses 
(~]y < 0) are present in SF53 and tensile stresses 
(Cy~y > 0) in SF56, the glass with the smaller thermal 
expansion coefficient (Fig. 7b). This is an important 
observation, because it demonstrates that the thermal 
residual stresses, ~;, measured at the surface are op- 
posite in sign compared to stresses parallel to the 
interface, c~, which were obtained from the analytical 
expression in Equation 1. It is also interesting to note 
that the measured stresses are equal to the nominal 
residual stresses from Equation 1, [cr~l ~ I~r~ 

Results for the combination with elastic mismatch 
are shown in Fig. 7c and d. The system SF56/BaSF64, 
which is predicted to suffer a minimum of residual 
thermal stresses according to Equation 1 (Table I), is 
seen, in fact, to possess significant residual thermal 
stresses at the surface. Surprisingly, residual stresses 
reach values of about cy~ ~ 7 MPa which is approxim- 
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Figure 7 Residual stresses as obtained from the indentation technique along the centre symmetry line of a bimaterial (x/w = 0) in 
(a) SF56/SF56, and (b) SF53/SF56, (c) SF56/BaSF64, and (d) SF53/BaSF64. 
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ately four times the values predicted from Equation 1 
for stresses parallel to the interface, cr~es. 

Measured residual stresses, cry, in SF53/BaSF64 
reach even higher values owing to a larger difference in 
thermal expansion coefficients in this bimaterial. 
Again, these measured residual stresses are well above 
those predicted from Equation 1 for stresses parallel 
to the interface. Hence, Equation 1 provides reason- 
able agreement with measured residual stress values 
cr~ only in the absence of elastic modulus mismatch. 

3. Numerical analysis 
Thermal residual stresses which develop during 
cooling were also examined by means of FEM. The 
bimaterial composite was modelled by an FE-mesh 
using eight-noded rectangular and six-noded triangu- 
lar elements. Two-dimensional analyses based on 
plane strain and plane stress situations have been 
performed using the meshes shown in Fig. 8. 

The normal and shear stresses parallel to the inter- 
face and under plane strain conditions at a distance 
y/w = 0.025 are shown in Fig. 9a for a CaNa/BK7 
bimaterial. This distance was chosen according to the 
finite element mesh in the vicinity of the interface. The 
analysis predicts tensile stresses in the CaNa material 
which possesses the higher thermal expansion coeffi- 
cient. By inspection of Fig. 9a one can observe that the 
normal stresses cry and ~x are constant except for the 

near-edge regions; that is, the influence of the mater- 
ials edge on the stresses is observable for x/w > 0.35. 
Parallel to the interface the calculation predicts stres- 
ses cr~ which are forty times the stresses c~y. 

The nature of stresses across the interface along the 
symmetry line x = 0 are shown in Fig. 9b. The stress 
component, crx, depicts the well-known discontinuity 
at the interface while the stress component, cry, is small 
compared to the crx stresses in the vicinity of the 
interface. 

The principal normal stresses crl, cr2, and cr3 have 
also been calculated along the symmetry line assum- 
ing conditions of plane strain; these calculations were 
performed to simulate the stress optical measurements 
from Section 2.1. According to their orientation (gl 
parallel to the interface, c~ 2 perpendicular to the inter- 
face and cr~ perpendicular to cr 1 and cr 2, cf. Fig. 2), or1 
corresponds to crx and cr 2 to cry. The difference be- 
tween principal stresses, (Yl - or2, as a function of y/w 
is presented in Fig. 9c. These results agree closely with 
the results presented earlier in Fig. 4a. Thus, one may 
obtain the component (3" 2 with stress optical measure- 
ments along the symmetry line because the stresses 
normal to the interface are vanishingly small com- 
pared to the stresses parallel to the interface (cr2 >> crl). 

The nature of the differences of principal stresses 
parallel to the interface is shown in Fig. 9d. Again 
close proximity with measured stress characteristics is 
obtained, cf. Fig. 4b. 

Figure 8 Finite element mesh of half a bimaterial specimen with 
mesh refinement along the interface. 
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4. D i s c u s s i o n  
The comparison of residual stress results showed good 
agreement between stress optical and plane strain FE 
calculations for the bimaterials examined. The stresses 
parallel to the interface were predicted to be tensile in 
material 1 (with the larger thermal expansion coeffi- 
cient); and compressive in material 2 (with the smaller 
thermal expansion coefficient), thus Cylx > 0 and 
cr2x < 0. The sign and magnitude of these stresses at 
the interface are in good agreement with predictions 
from the analytical solution of Equation 1 for the 
plane strain stresses at the interface in the center of the 
bimaterial, 1/2 E*A~A T. 

Stresses perpendicular to the interface are expected 
to be comparatively small in plane strain and plane 
stress according to both stress optical measurements 
and the FEM calculations. This prediction, however, 
is not in agreement with results from surface measure- 
ments using the indentation technique. In addition, 
stress values determined from indentation methods 
were found to exceed greatly 1/2 E*A~AT (Table I, 
Fig. 7d). This apparent contradiction between the 
three methods can be resolved when one considers 
that only surface stresses are obtained from the in- 
dentation technique while stress optical methods 
measure stresses through the full thickness of the bulk 
material. Thus, the stress information obtained via 
stress optics originates from the interior of the mater- 
ial; therefore, the assumption of a plane strain state is 
reasonable and provides the good agreement with 
plane strain FE calculations. 
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Figure 9 Residual stresses as obtained from plane strain finite element calculations in (a) CaNa  parallel to the interface (y/w = 0.025) and 
(b) CaNa/BK7 along the centre line (x/w = 0) perpendicular to the interface and difference of main principal stresses (c) perpendicular to the 
interface (x/w = 0), and (d) parallel to the interface (y/w = + 0.025) for CaNa/BK7 as obtained from the finite element method under plane 
strain conditions. 

In contrast to the plane strain results from stress 
optical measurements, the indentation technique pro- 
vides insight into the stress state at the surface of the 
material. At the surface, high tensile stresses perpendi- 
cular to the interface (c~y > 0) dominate in the mater- 
ial which possesses the smaller expansion coefficient 
(material 2) and large compressive stresses (~]y < 0) 
are expected in material 1. 

In the interior of the bimaterial, tensile stresses at 
the interface prevail in component 1 (c~1~ > 0, c~ly > 0) 
while compressive stresses are found in material 2 with 
the smaller thermal expansion coefficient (c~lx < 0, 
cyly < 0). Moreover, the stress component, c~, is small 
compared to the stress component parallel to the 

interface, ~r. However, a full picture of the residual 
stress state in bimaterials will require more detailed 
numerical three-dimensional calculations. 

5. Conclusion 
It is well known that the strength of material joints is 
affected by the presence of thermal residual stresses, 
especially when a brittle component is joined with a 
compliant material of a larger thermal expansion 
coefficient. For example, this situation arises when a 
ceramic is bonded to a metal. In this case, residual 
stresses perpendicular to the interface are tensile in the 
material with the smaller thermal expansion 
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coefficient and can amount to stress levels in the 
ceramic well above the nominal stresses, as predicted 
by Equation 1. The purpose of this study was to 
evaluate three techniques which can be used to deter- 
mine residual stresses in bimaterials. 

The indentation technique is a simple and reliable 
method to obtain the non-singular part of these stres- 
ses. The stress state in the interior of the bimaterial 
along the symmetry line can be obtained through 
stress optical measurements. One can also use Equa- 
tion 1 to determine the plane strain values in the 
vicinity of the interface. 

For a more detailed view of singular stresses, the 
transition between the stress state in the surface and in 
the bulk as well as stress patterns near the interface, 
time-consuming finite element calculations, or other 
numerical methods, are necessary. 
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